There is a marked similarity between the mechanical behaviour of plastics and the electric behaviour of certain dielectrics. This provides a starting-point for the derivation of a mechan ical stress-strain relationship for plastic materials, from which expressions are deduced for the velocity of sound in, and for the transmission and reflexion of sound by, plastic plates. The effect of absorption on departures from Rayleigh's theory is indicated, and limited experimental data are reported.
his results are applicable to solids only when the conditions are such as to preclude shear stresses in the material, which, in general, can be taken to be the case for normal incidence.
Experimental work during the war on mechanical and acoustic properties of certain plastic materials showed, as is indeed now well known, that these substances do not obey Hooke's law; in particular, 'Perspex ' (a methyl methacrylate polymer) shows considerable departures from the simple linear stress-strain relationship. Further, the classical relationship between rigidity modulus and Young's modulus does not hold. The present paper places on record some theoretical considerations on the dynamic properties of plastics and treats the problem of the transmission and reflexion of sound normally incident on plates of non-Hookean properties.
P r e l i m i n a r y c o n s i d e r a t i o n s
There is a very close analogy between the mechanical behaviour of plastics and the electrical behaviour of certain dielectrics, and the preliminary arguments following will be familiar to those acquainted with the theories of dielectric hysteresis and absorption.
When an electric stress is applied to a dielectric there is an initial sudden rush of current (the normal 'charging current') which is followed by the so-called 'anoma lous ' current, decaying with time, which may persist for hours or even days, and which does appear ultimately to reach a limit. This anomalous current can be drawn from the dielectric during the process of discharge, and from its integrated value an apparently already high value of dielectric constant (or low electric elasticity) can be deduced. In exactly the same way, when a mechanical stress is applied to a plastic material, there is an initial sudden displacement (it is preferred at this stage to use the rather loose description 'sudden' rather than the more specific 'instantaneous') which is followed by a sort of flow which appears to go on for hours, decaying gradually so that the ultimate strain of the material does appear to reach a finite limit. The effect is very easy to demonstrate: in figure 1 is shown a curve recording the twist of a Perspex rod after the sudden application of a torque.
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F ig u r e 1. Strain curve for Perspex under constant stress.
It is well known that the application of an alternating electric stress to a dielectric exhibiting the 'anomalous' behaviour outlined above leads to hysteresis and the absorption of power. Simple mechanical experiments on the cyclic stressing of a Perspex bar or rod show at once that the corresponding phenomenon is present in this case-also; figure 2 shows a hysteresis loop obtained for a slow alternating stress applied to a Perspex rod. It is reasonable to suppose, therefore, that there would be a close formal similarity between any theory put forward to explain the mechanical behaviour of plastics and any theory of dielectric absorption. We may start in the most general way possible by saying that the plastic flow or displacement, is simply a function of time, and we write o l f{t),
where the factor of proportionality involves the stress. We further suppose that at t -0, f(t) = 0, while for t -o o we suppose that f(t) is finite. how £,p changes with a changing stress, we have to make the fundamental assumption that a superposition principle is operative. This means that the increments of stress are all additive. If by Fu we denote the stress at time u, then the value of the incre ment of plastic flow at this instant may be written 8gp^A f { t -u ) -^8ui (2-2) and the total plastic flow in time t rt rflj1
where A is a constant.
(2*3)
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If the stress is alternating and of the form So long, then, as the integrals C and S do not vanish, there is always a phase lag between the plastic flow and the stress. It follows, therefore, that there is a definite loss of power in any cyclic operation, which is easily shown to be proportional to the integral G; the progression of periodic waves through the material must therefore be accompanied by attenuation. It is thus easy to see in general terms how absorption and hysteresis arise when we depart from Hooke's law; the next stage in the development of the theory must be the establishment of a more general stress-strain relationship. 3 3. G e n e r a l s t r e s s -s t r a i n r e l a t io n s h i p It is no longer possible, for plastic substances, to think in terms of a simple elastic modulus, defined as the ratio of stress to strain. In electrotechnics, it is easy to determine experimentally the values of S and C separately, and we speak of effective capacitance (or dielectric constant) in terms of S and of power factor in terms of C. It is not obvious that we can do this in the mechanical case; we must either measure r.m.s. values and define our modulus in terms of + C% ), or regard the relationship between stress and strain as expressed in the form of a complex operator, or more generally by a differential or integral equation. It is the last method which we shall try to adopt in the present paper.
We have first to decide whether the strain of a plastic material is wholly a function of time or whether it is partly elastic, and in the absence of reliable experimental evidence to guide us we can only make certain assumptions. We know, for instance, that in the case of materials like pitch, there appears to be no purely elastic property;, for such materials Maxwell long ago proposed the relationship (3-1) where p and a are constants. We cannot accept this form, for clearly, if F is constant, £ increases linearly without limit, and this we do not believe to be the case with plastics. We shall, therefore, assume that the deformation of substances such as Perspex is partly purely elastic and partly plastic. The sudden application of a stress to such a material must therefore result in an instcmtcincous strain, followed, by a plastic strain dying away with time. While simple mechanical experiments cannot be said to have proved this to be the case absolutely, at any rate the assump tion is not inconsistent with the observed facts.
We write, then, the total strain at any time t as
where is the instantaneous strain and ip is the limiting value of the plastic strain. Each is assumed to bear a simple relationship to stress. The function must be zero for t = 0 and unity for t = go. Under a stress which is assumed to be a co tinuous function of time, the superposition principle is supposed to operate, and we write, as in § 2, jt,
S Z u -v J l t -uŵ
here vp is the constant expressing the relation between £p and stress. For the total strain we find
where vi is the constant expressing the relation between and stress. This is one form of the general stress-strain relationship, and it is essentially similar to that proposed,by Boltzmann (1876) and recently quoted by Zener (1946) ; it corresponds also to that proposed by Pellat (1926) for the behaviour of dielectrics. We have written as the elastic behaviour of the material can be regarded as being governed not by one modulus only but by two constants vi and vp and a function of time as yet unspecified.
This form expresses the condition that the material shall exhibit a form of relaxation characterized by a time constant 1/a. The simple mechanical experiments already described show that this form is applicable over only a limited range of time, which suggests that the behaviour is characterized not by one time constant but by a whole range of time constants. This is known also to be the case in dielectric theory, and at least two other forms of / have been proposed to take this into account. Schweildler (1926) has suggested that a function involving a summation Svp e-arf should be used, where every a is associated with a definite Wagner (1926) has proposed a Gaussian distribution, in which the summation is replaced by an integral of the form
where z = loga0/a.
For the purposes of the present paper we shall consider only the simple form (3*4), and in justification of this the following arguments are put forward. The behaviour of the material under alternating stresses can only be significantly affected by those relaxation modes, the time constants of which are comparable with the periods of the alternating stresses. The law proposed holds over a range of time comparable to two or three octaves in the frequency range. It is therefore suggested that analysis based on the simple form given in (3*4) will give an approximate picture of the behaviour of the substance over a restricted frequency range.
With this law the general stress-strain relationship (3-3) becomes
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Thus E ,t and Ft must satisfy the differential equation
We note that we can define two limiting values of elastic modulus corresponding to infinite and zero frequency. At infinite frequency the modulus reaches a non complex limit equal to 1/^; this will be called /£«,. For zero frequency the modulus again has a limiting non-complex value equal to 1 this will be called ju,0. It is clear that a critical test of the theory would be provided by absorption measurements.
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F ig u r e 4. Variation of attenuation factor with frequency. Loss in thickness t = 1 -e(-znbt)i\'The numbers against the curves are the values of
R e f l e x i o n a n d t r a n s m i s s io n o f s o u n d i n c i d e n t n o r m a l l y o n a PLANE PARALLEL-SIDED LAMINA OF PLASTIC MATERIAL
The comparatively simple case of a plane wave incident normally on an infinite plane parallel-sided lamina can be dealt with on the present theory. Let cx be the velocity of the wave in the surrounding medium, which we take to be normal in its properties. Let c2 be the velocity of sound in the plastic lamina, of which the thickness is l, and let b be the attenuation factor. We define also p x -density of medium, p2 = density of plastic, fix = modulus of medium, so that ci = V^i/Pi)* p % = upper limit of modulus of lamina.
As before F and £, with appropriate suffixes, will be used for stress and strain respec tively. The incident wave will be assumed to travel in the direction of x increasing, and the plane of the lamina will be parallel to the yz plane. To simplify the writing down of the analysis we may, since normal incidence is being considered, consider displacements only in the xz plane; the lamina will be assumed bounded by the t The absorption coefficient, which is the quantity multiplied on x to give the real part of the exponent in (4*1), is of course 2nb/X, where A = wave-length. 
T h e d e g e n e r a t i o n o f t h e c l a s s ic a l r e s u l t d u e to a b s o r p t i o n
It is clear from the nature of the expressions derived above that no significant change of property will occur unless &>/a is of the order of unity. Physically, this means that the material must exhibit relaxation frequencies comparable with the frequency of observation, and therefore must display absorption within the working range. The foregoing results have been considered numerically for values of a lying between 10 and 40kc./sec.
In figure 5 are plotted reflexion coefficients, computed from equation (5*19), for Perspex. The basic data are derived from static measurements and assumed values of a (namely, 10, 20 and 40kc./sec.) have been taken together with an assumed value of 10 for the ratio Pao/Po-The Rayleigh curve, computed from th is dotted in for reference. The profound difference is at once evident.
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Nv curve nl (cm.kc./sec.) To illustrate this point more fully, consider the first three curves of figure 6. From the first, with its zero at nl = 90 cm.kc./sec., we deduce c = 1*8 x 105 cm./sec. From the second and third, we might reasonably take c to be 2*5 x 105 and 3*0 x 105 cm./sec. respectively. The absorption required to produce this change can be estimated from the curves of figure 4, and obviously corresponds to value of 6 of the order of 0*1. This means that the absorption in a plate 1 cm. thick would be of the order of 1 -exp (27t6/A) = 1 -exp (0*06) = 6% . Thus a material exhibiting quite small absorption may have a reflexion coefficient much greater than that computed from static data.
On figure 6 are marked a number of experimentally observed points obtained with Perspex disks, of 0*125, 0*5 and lin . thickness, at frequencies between 10 and 40 kc./sec. The Rayleigh curve is computed from static data for this material and obviously does not nearly approach the observed points, the general disposition of which much more closely follows the higher order curves. The measurements of reflexion coefficient were made under water with a pulsed transmitter, using as a reference standard an effective total reflector in the form of an air-filled capsule of the same size and shape as the test disk, a method successfully used by Boyle & Rawlinson (1938) and other workers, and which yields for elastic materials results in close accord with the Rayleigh theory.
Co n c l u s i o n
It is shown in this paper that materials such as Perspex and other plastics in their departure from Hooke's law display complex elastic moduli and may exhibit acoustic properties quite different from those predicted by the classical elastic theory. In particular, the reflexion and absorption of high-frequency sound by these materials may be much greater than is suggested by their 'static' or lowfrequency elastic constants, and it is evident that the behaviour of Perspex is much more in accord with the present theory than with the classical theory. It is hoped that it will be possible for other workers to establish the existence or otherwise of absorption bands in the supersonic range and to determine the dispersion character istics by direct velocity measurements. This paper, which formed part of work done during the war, and was originally issued as a confidential report in 1942, is published by permission of the Chief of the Royal Naval Scientific Service. To his former colleague, Dr E. A. Alexander, the author records his warmest thanks for many stimulating discussions.
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The influence of diffusion on flame propagation 
